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ABSTRACT: A theoretical mathematical model is pre-
sented to describe the temperature distribution and the
rate of phase change in the injection molding process of
crystalline plastics. Under some assumptions, an exact
closed form is solved with the use of an internal tech-
nique. The model was tested by measuring the tempera-
ture profile in a slab mold instrumented with thermocou-

ples. Measurements of temperature profiles in the center
of the polymer slab compare well to model prediction.
� 2006 Wiley Periodicals, Inc. J Appl Polym Sci 102: 2249–2253,
2006
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INTRODUCTION

Heat transfer is one of the most important stages in
injection molding process, because the material physi-
cal properties, surface quality, and demolding time
are largely dependent on thermal change in the mold.
Not many exact solutions can be found for these heat
transfer problems because of the inherent nonlinear-
ities present. It is very necessary to find a mathemati-
cal model for the injection molding of crystalline plas-
tics. This mathematical model could help us under-
stand the cooling process of plastics products in
injection molding, optimize the technology of injec-
tion molding computer-aided design (CAD), and es-
tablish feasible processing conditions.

The cooling process of the plastics product involves
phase changes and has special characteristics: the
transferred heat contains not only the sensible heat,
but also the latent heat released at the interface. The
solid–liquid interphase moves with increasing time;
as a result, the location of the solid–liquid interface is
not known a priori and must be followed as a part of
the solution. The problems of phase change due to
heat transfer and moving interphase are well recog-
nized.1–5 Investigations of the heat transfer of crystal-
line plastics in injection molding have begun from the
early 1990s. Most researchers found the microstruc-

ture and behaviors of the material (e.g., birefringence,
cooling stress, density distribution, and shrinkage of
the crystalline plastics) to be dependent on the injec-
tion and cooling process. Therefore, the early research-
ers supplemented the analysis of the heat transfer and
the phase transition in injection molding,6 the mathe-
matical simulation of the temperature distribution af-
ter solidification,4,7,8 and the variational temperature
distribution of melting material in injection machine
barrel.5 Masa9 investigated the cooling process of a
slab of crystalline plastic. Ji and Li and their col-
leagues10–15 studied the cooling time in injection mold-
ing and found a rough model with which to simulate
the cooling time of crystalline plastics. Each of these
studies has dealt only with specific types of cooling
processes. In fact, the injection temperature of crystal-
line plastics directly influences the degree of crystallin-
ity. A more realistic model is needed to explain the
cooling process in injection molding. The present
study gives an exact solution for the temperature dis-
tribution and the rate of phase change in a slab injec-
tion mold. This model was tested with a plastic injec-
tion molding machine. Measurements of temperature
profiles compare well with model prediction.

MATHEMATICAL MODEL OF HEAT TRANSFER

Injection molding setup

A two-dimensional schematic diagram of a mold
shape is shown in Figure 1. The polymer melt is
injected between two fairly thick steel plates, crystal-
lized for water cooling. When the polymer melt is
injected, the polymer melt that contacts the mold wall
is solidified in a moment. Two solid–liquid interphases
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appear near the mold wall with the released latent
heat. These interphases move to the center plane of the
cavity with the same speed. When they disappear at
the center plane, the polymer melt is solidified com-
pletely. Until the specimen is cooled to the right tem-
perature, it is taken out after opening the mold. The
rectangular cavity dimensions in the mold are 150-mm
length, 10-mmwidth, and 4-mm thickness.

Assumption

The following assumptions seem reasonable for the
cooling system:

1. No fill or flow time: In most polymer injection
molding processes, the fill or flow time is signif-
icantly less than the total cooling time16 so flow
can be neglected in the system. When polymer
melt is injected into the cavity, they begin solid-
ifying.

2. Polymer crystallization: It is initially at a con-
stant temperature Ti.

3. Intimate contact of surface between the polymer
and the mold wall: This is assumed for a valid
continuity of the temperature at the surface.17

Negligible convectional heat transfer is consid-
ered. The mold wall and the polymer surface
have a constant temperature T0.

4. One-dimensional heat conduction: Most molded
parts are thin in one dimension, and the heat
transfer can be reduced to a slab calculation.

5. Half-region of the cavity: This region is studied
because the mold and cavity are symmetrical.
In our research, the thickness of the specimen is
2 mm.

6. Crystalline plastic polymer: Its transformation
temperature is the crystallization temperature Tc.

7. Constant properties as, al, rs, rl, Cps, Cpl of poly-
mer: Material properties, thermal diffusivity, den-
sity and heat capacity of polymer are assumed
constant to simplify the calculation.18,19

Mathematical model derivative process
and the solution

According to the cooling characteristic and the low
coefficient of the thermal conductivity of crystalline
plastics, the mathematical model could be presented
to describe the temperature distribution. First, con-
sider a center plane that is initially at a constant tem-
perature higher than the crystallization temperature
in the liquid phase. The temperature of one surface
of the slab is instantaneously dropped and remains
at a constant temperature T0. Solidification is assumed
to take place at one temperature. Figure 2 shows the
geometry and the temperature profiles.

Thus, with these assumptions, the basic equations
of this system can be written as follows:

Solid phase:

@2Ts

@x2
¼ 1

as

@Tsðx; tÞ
@t

0, x, SðtÞ; t . 0 (1)

Tsðx; tÞ ¼ T0 x ¼ 0; t ¼ 0 (2)

Liquid phase:

@2Tl

@x2
¼ 1

al

@Tlðx; tÞ
@t

SðtÞ, x, L; t . 0 (3)

@Tl

@x
¼ 0 x ¼ L; t. 0 (4)

Solid liquid interphase:

Ts ¼ Tl ¼ Tc t. 0; x ¼ SðtÞ (5)

Ks
@Ts

@x
� Kl

@Tl

@x
¼ rsg

dSðtÞ
dt

t. 0; x ¼ SðtÞ (6)

For the temperature distribution in the solid phase
(S(t) < L), the exact solution for a semi-infinite body
is used.1 Thus,

Ts � To

Tc � To
¼ 1

erfðlÞ erfð
xffiffiffiffiffiffiffiffiffi
4ast

p Þ SðtÞ, L (7)

Figure 1 Solidification of a slab. Two-region problem.

Figure 2 Temperature distribution in a slab injectingmold.
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where erf(x) denotes the complementary error func-
tion. It is assumed that the location of the solid-liq-
uid interphase is given by SðtÞ ¼ l

ffiffiffiffiffiffiffiffiffi
4ast

p ¼ 2l
ffiffiffiffiffiffi
ast

p
,

where l is to be determined by solving eqs. (5)–(7).
The integral method is now used to determine the

temperature distribution Tl(x,t) for the liquid phase.
To apply the integral method, a thermal layer d(t) is
chosen as illustrated in Figure 2. For the finite region
considered in this study, the thermal layer concept is
valid as long as d(t) � L; it loses its physical signifi-
cance for d(t) > L. The liquid phase temperature dis-
tribution (d(t) < L) could be given as

Tl � Ti

T0 � Ti
¼ dðtÞ � x

dðtÞ � SðtÞ
� �n

� Tc � Ti

T0 � Ti
ðn ¼ 3Þ; dðtÞ � L

(8)

where dðtÞ ¼ b
ffiffiffiffiffiffiffiffiffi
4ast

p ¼ 2b
ffiffiffiffiffiffi
ast

p
, with b an undeter-

mined coefficient. It is obtained by solving eqs. (5, 6, 8).
The liquid phase temperature distribution (d(t) ¼ L,

S(t)< L)20 could be given as

TðX; tÞ ¼ Tð1; tÞ 1� X � x
1� x

� �2
" #

dðtÞ ¼ L SðtÞ, L

(9)

whereX ¼ x=L; x ¼ S=L; t ¼ ast=L2

a ¼ ðnþ 1Þal
2asl

2
¼ 3al

2asl
2
; x ¼ 2l

ffiffiffi
t

p

The temperature at the center plane, T(1, t) can be
obtained from

Tð1; tÞ ¼ Tc þ 1� S0
1� x

� �ð1þaÞ
exp a

1

1� S0
� 1

1� x

� �� �

ðTi � TcÞ ð10Þ

where S0 ¼ l/b.
The solid phase temperature distribution (S(t) ¼ L)1

could be given as

Tsðx; tÞ ¼ T0 þ bðtÞL x

L
� 1

3

x

L

� �3
� �

SðtÞ ¼ L (11)

where bðtÞ ¼ ½1:5ðTc � T0Þ=L� exp 12as=5L2ðt2e � tÞ� 	
; t2e

is the timewhen all the polymermelt is solidification.

EXPERIMENTAL

Material

The material used in the experiment was high density
polyethylene (HDPE), commercially known as 5000S
(DaQing Petroleum Chemical Co., Heilongjiang, China),
with an Mn of � 5.28 � 105 g mol�1 and a melt flow rate
of 0.90g (10 min)�1 at 2308C under a force of 21.6N.
Transient analysis for HDPE material in a rectangular
cavity is selected as case study. The properties of the
HDPE material are listed in Table I.22

Experimental procedures

Experiments were carried out on a PS40E 5ASI injec-
tion-molding machine. The rectangular cavity dimen-
sions in the mold are 150-mm length, 10-mm width,
and 4-mm thickness (Fig. 3). To keep the mold tem-
perature as uniform as possible, a cavity temperature
controller with heated circulating water was used.
Injection temperature was 2348C. The mold tempera-
ture was regulated at 308C. The injection time was
1.75 s. There was no packing time. A Cu-Constantan
thermocouple, of 0.3-mm diameter, was used to re-
cord temperature at one position in the mold: the cen-
ter of the polymer slab (X ¼ 2 mm). Temperature
change in the whole process at the center position was
recorded with a Keithley 2700 recorder. The interval
sampling time was 0.1 s.

RESULTS AND DISCUSSION

Theoretical results of temperature distribution

The boundary conditions of this analysis model are
shown in Table II. Table III shows the position of

TABLE I
Parameters for HDPE

rs (kg/m
3) rl (kg/m

3) Ks (w/m8C) Kl (w/m8C) Cps (J/kg8C) Cpl (J/kg8C) as (wm2/J) al (wm2/J) Tc (8C) g (kJ/kg)

954a 785.7b 0.3472b 0.25b 2250b 2250b 1.8 � 10�7b 1.4 � 10�7 b 116.4c 160.6c

a Values are provided by the manufacturer (DaQing Petroleum Chemical Co., China).
b These values are taken from Woo et al.22
c Values taken from DSC crystallization experiment.

Figure 3 Two-dimensional schematic diagram of an injec-
tion mold.
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solid liquid interphase S(t) and the position of iso-
thermal thermosphere layer interphase at d(t) vari-
ous times for d(t) < L.

Figure 4 shows the temperature distribution of the
whole process. The curves of numbers 1–3 show the
temperature distribution for d(t) < L. The time when
the thermal layer moves to the center plane is t1f
¼ 1.78s. 4–7 is the temperature distribution for d(t)
¼ L and S(t) < L. When t2e ¼ 17.11s, all the polymer
melt is solidification. 8–11 are the curves for S(t) ¼ L.
At last we calculate the demolding time to be t3f
¼ 57.56s.

Experimental results and comparison

Figure 5 presents a comparison of theoretical and ex-
perimental temperature profiles as a function of time.
For t < t2e the experimental temperature profile com-
pares well with the model prediction profile. When
t ¼ t2e, both the theoretical and experimental tempera-
ture profiles have a horizontal line segment. When the
liquid phase temperature drops to 116.48C, the poly-
mer melt does not solidify at the moment. Then the
polymer melt releases the latent heat and solidifies.
Until the liquid phase translated into the solid phase,
the temperature continues to drop. We come to the
conclusion that because of the low coefficient of ther-
mal conductivity of polymer, some of the released
latent heat cannot be transferred and the temperature
remains unchanged. The theoretical and experimental
temperature profiles have a little difference for t > t2e.
One reason is that we assume the intimate contact of
surface between the polymer and the mold wall, but
in fact the polymer will shrink in solidification.21 The
realistic coefficient of thermal conductivity is lower
than the theoretical one. Another reason is that the
polymer will crystallize for t > t2e. The heat of crystal-
lization will release in this time. The experimental rate
of cooling is slower than the theoretical one. These
two reasons result in the difference in the two profiles
for t > t2e.

CONCLUDING REMARKS

In the present work a mathematical model has been
found to explain the cooling process of the injection
molding. Especially characteristic of this model is
t1f < t < t2e, which could describe the drop of center
plane temperature. A more realistic model proves to
be capable of handling problems in the cooling pro-
cess of injection molding. The temperature distribu-
tion during the cooling process can be concluded with
the use of this mathematical model. A slight differ-
ence is shown for t > t2e for the theoretical and experi-
mental temperature profiles because the shrinkage of
polymer and the heat of crystallization influence the
heat transfer. Considering the uncertainty in the phys-
ical property measurements and the many assump-
tions of the model, it may be said that the agreement
between experiment and theory is quite good. The
results of investigations as well as statistical analyses

Figure 4 Temperature distributions of the whole process.

Figure 5 Comparison of theoretical and experimental
temperature profiles as function of time (the temperature
recorded is at the center of the polymer slab (X ¼ 2 mm)).

TABLE II
Process Conditions

Injection
temperature

Ti (8C)

Mold wall
temperature

T0 (8C)
Position of temperature

measurement

234 30 Center of the polymer slab
(x ¼ 2 mm)

TABLE III
Position of S(t) and d(t) at Various Times for d(t) � L

t, s 0 0.3 0.8 1.51

S(t), mm 0 0.257315 0.420194 0.577289
d(t), mm 0 0.892884 1.458074 2.000000
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may find their application helpful in optimization
activities for injection molding process.

NOMENCLATURE

as thermal diffusivity of solid, wm2/J
al thermal diffusivity of liquid, wm2/J
Ks thermal conductivity of solid, w/m8C
Kl thermal conductivity of liquid, w/m8C
Cps heat capacity of solid phase, J/kg8C
Cpl heat capacity of liquid phase, J/kg8C
r density, kg/m3

rs density of solid phase, kg/m3

rl density of liquid phase, kg/m3

g latent heat of crystallization, kJ/kg
T temperature, 8C
Ti initial temperature, 8C
Tc crystallization temperature, 8C
Ts solid temperature, 8C
Tl liquid temperature, 8C
T0 demolding temperature, 8C
S(t) the position of solid liquid interphase
d(t) the position of isothermal thermosphere layer

interphase
l constant defined by SðtÞ ¼ l

ffiffiffiffiffiffiffiffiffi
4ast

p ¼ 2l
ffiffiffiffiffiffi
ast

p
b constant defined by dðtÞ ¼ b

ffiffiffiffiffiffiffiffiffi
4ast

p ¼ 2b
ffiffiffiffiffiffi
ast

p
L thickness of slab, mm
x distance in thickness direction, mm
X dimensionless distance, x/L
t time, s
t1f time when the thermal layer move to the

center plane, s
t2e time when all the polymer melt is

solidification, s
t3f demolding time, s

x position of phase change S(t)/L,
dimensionless, xðtÞ ¼ 2l

ffiffiffi
t

p
t dimensionless time, ast/L

2

a constant defined by a ¼ ðnþ1ÞaL
2aSl

2 ¼ 3aL
2asl

2

b constant defined by

bðtÞ ¼ 1:5ðTc�T0Þ
L

h i
exp 12as

5L2
ðt2e � tÞ� 	
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